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Abstract: We present the description in central charge superspace of N = 4 supergravity
with antisymmetric tensor coupled to an arbitrary number of abelian vector multiplets.
All the gauge vectors of the coupled system are treated on the same footing as gauge fields
corresponding to translations along additional bosonic coordinates. It is the geometry of
the antisymmetric tensor which singles out which combinations of these vectors belong
to the supergravity multiplet and which are the additional coupled ones. Moreover, basic
properties of Chapline-Manton coupling mechanism, as well as the SO(6,n)SO(6)×SO(n) sigma model
of the Yang-Mills scalars are found as arising from superspace geometry.
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1. Introduction
Interest in N = 4 supergravity originates from the fact that it has the largest amount
of supersymmetry that still allows existence of matter multiplets. The supergravity mul-
tiplet contains one graviton, 4 gravitini, 6 vectors, 4 spin 1/2 fermions, 1 scalar and 1
pseudoscalar, or, equivalently with dualization, one scalar and one antisymmetric 2-tensor.
Matter comes only under the form of vector multiplets which contain 1 vector, 4 spinors,
and 6 scalars.
N = 4 supergravity exists in two versions, one with global SO(4) [1, 2] and one with
global SU(4) symmetries [3]. As long as these symmetries are not gauged, the two versions
are equivalent [3] and we will be interested in the SU(4) theory whose advantage is to re-
strict non-polynomiality to exponentials of the scalar. The Lagrangian and supersymmetry
transformations for pure supergravity were first obtained in [3]. Moreover, equivalence with
the SO(4) theory was shown, and the scalar and pseudoscalar of the theory were found to
parameterize the group SU(1, 1). This constitutes the first case of appearance of hidden
symmetries in supergravities. In [4] the pseudo-scalar was dualized to an antisymmetric
tensor, giving the theory vanishing trace anomaly. Thus a relation with higher dimensional
supergravities and string theory was suspected.
– 1 –
This relation was further explored in [5] where the gravity multiplet of N = 1 d = 10
supergravity was dimensionally reduced to obtain N = 4 supergravity coupled to 6 Yang-
Mills vector multiplets. Upon reduction the metric and the tensor both give 6 vectors (gµ)i
and (Bµ)i where µ is a 4-dimensional space-time index and i is a 6-dimensional internal
index. The “physical” vectors which are members of the multiplets are linear combinations
of these
(Aµ)i = (gµ)i + (Bµ)i, (Bµ)i = (gµ)i − (Bµ)i (1.1)
where (Aµ)i are the graviphotons and (Bµ)i are the Yang-Mills vectors. The 36 scalars gij
and Bij go to a non-linear sigma model and the non compact symmetry is extended to
SO(6, 6) × SU(1, 1). One of the problems in this situation is that the couplings between
the graviphotons and the Yang-Mills vectors are quite intricate, and a generalization to
any number n of Yang-Mills multiplets was not obvious. This was later solved in [6] for
abelian multiplets, and in [7], [8], [9] for non-abelian ones, using conformal methods or
more specific reduction procedures.
However, a complete transcription of these results in superspace formalism is still
lacking. Our purpose in the present paper is to attempt to (partially) fill in this gap. Among
many advantages, superspace provides concise and elegant descriptions of the equivalent
component theories, as well as a promising framework for discovery of auxiliary fields
in the hope of finding off-shell formulations. N = 4 pure supergravity multiplet with
an antisymmetric tensor (which we call N-T multiplet here) was first obtained in [4].
Its formulation in superspace encountered a number of problems identified in [10] and
overcome in [11]. Recently in [12], the graviphotons were identified in the central charge
sector allowing an elegant description of the Chern-Simons forms as coming from geometric
considerations. The equivalence with the component formalism was proved in [13] where
the equations of motion coming from the Bianchi Identities on superspace were shown to
be identical to the ones derived from the Lagrangian of [4]. Considering the historical
developments in the component formalism, the next “natural” step would be to look for
n abelian Yang-Mills multiplets on the superspace. This is what we are presenting in this
work. We show that the central charge sector used in [13] can be extended to describe n
Yang-Mills vectors. In section 2.1 we recall the constraints allowing the identification of
the gravity multiplet and we give the modifications we bring to the 0 dimensional scalar
sector such that the central charge sector can accommodate the extra matter multiplets. 6n
new scalars are found. In section 2.2, we explore the implications of these new constraints
by giving the solution to the Bianchi Identities, and we identify the 4n spin 1/2 fermions
belonging to the Yang-Mills multiplets. In section 2.3 we identify the Yang-Mills vectors.
In particular, we show that it is the geometry of the 2-form, which, through the action of
projectors, separates the supergravity vectors from the Yang-Mills ones. Finally in section
3 we indicate how these results are equivalent to the component formulation in [6]. Then we
conclude in section 4 by discussing a few generalizations one can think of, such as describing
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non-abelian Yang-Mills multiplets, or some hints for a possible off-shell formulation.
2. From pure supergravity to supergravity coupled to n vector multiplets
In this section we recall the essential results of [12] concerning the identification of the
components of the N-T multiplet. Recall that in geometrical formulation of supergravity
theories the basic dynamic variables are chosen to be the vielbein and the connection.
Considering central charge superspace this framework provides a unified geometric identi-
fication of graviton, gravitini and graviphotons in the frame EA = (Ea, EαA , E
A
α˙ , E
u)
Ea = dxmem
a , EαA =
1
2
dxmψm
α
A , E
A
α˙ =
1
2
dxmψ¯m
A
α˙ , E
u = dxmvm
u .
(2.1)
Here a is the vectorial index, α, α˙ are the spinorial indices, A = 1..4 is the internal sym-
metry index, while u = 1..6 + n counts the central charge coordinates. Moreover, the
antisymmetric tensor can be identified in a superspace 2–form B:
B =
1
2
dxmdxnbnm. (2.2)
The remaining component fields, a real scalar and 4 helicity 1/2 fields, are identified in the
supersymmetry transforms of the vielbein and 2–form, that is in torsion (TA = DEA) and
3–form (H = dB) components. The Bianchi identities satisfied by these objects are
DTA = EBRB
A , dH = 0 , (2.3)
and, displaying the form coefficients(
DCB
A
)
T
: EBECED
(
DDTCB
A + TDC
FTFB
A −RDCB
A
)
= 0, (2.4)
(DCBA)H : E
AEBECED
(
2DDHCBA + 3TDC
FHFBA
)
= 0. (2.5)
2.1 The constraints
The geometrical description of the N-T multiplet is based on a set of natural constraints
in central charge superspace with structure group SL(2,C) × U(4). The central charge
sector is chosen to be trivial in the sense that the covariant derivative in the central charge
direction Du vanishes on all superfields as well as the connection Φz
u is zero. Conventions
for vector and spinor representations of the Lorentz group are those of [14].
The generalizations of the canonical dimension 0 “trivial constraints” [15] to central
charge superspace are
TCγ
B
β
a = 0 , TCγ
β˙
B
a = −2iδCB(σ
aǫ)γ
β˙ , T γ˙C
β˙
B
a = 0 , (2.6)
TCγ
B
β
u = 4ǫγβL
1/2t[CB]u , TCγ
β˙
B
u = 0 , T γ˙C
β˙
B
u = 4ǫγ˙β˙L1/2t[CB]
u . (2.7)
– 3 –
As explained in detail in the article [12], the soldering is achieved by requiring some
analogous, “mirror”-constraints for the 2–form sector. Besides the -1/2 dimensional con-
straints HCγ
B
β
A
α = H
C
γ
B
β
α˙
A = H
C
γ
β˙
B
α˙
A = H
γ˙
C
β˙
B
α˙
A = 0, we impose
HCγ
B
βa = 0 , H
C
γ
β˙
Ba = −2iδ
C
B(σaǫ)γ
β˙L , H γ˙C
β˙
Ba = 0 , (2.8)
HBβ
A
αu = 4ǫβαL
1/2hu
[BA] , HCγ
β˙
Bu = 0 , H
β˙
B
α˙
Au = 4ǫ
β˙α˙L1/2h
u[BA] , (2.9)
with L a real superfield. The physical scalar φ of the multiplet, called also graviscalar, is
identified in this superfield, parameterized as L = e2φ. In turn, the helicity 1/2 gravigini
fields are identified as usual [16], [17], [10] in the 1/2–dimensional torsion component
ǫβγTCγ
B
β
A
α˙ = 2T
[CBA]
α˙, ǫβ˙γ˙T
γ˙
C
β˙
B
α
A = 2T[CBA]
α. (2.10)
The scalar, the four helicity 1/2 fields, together with the gauge fields defined in (2.1)
and (2.2) constitute the N-T on-shell N=4 supergravity multiplet. Recall that in the case of
pure supergravity [12, 13], the matrix elements t[BA]u, t[BA]
u, h
u[BA], hu
[BA] are constrained to
be covariantly constant under the structure group SL(2,C)⊗ SU(4). However, by leaving
them arbitrary, extra multiplets can be accommodated in the same geometry [10]. In
particular, imposing the self–duality conditions
t[DC]u =
q
2
εDCBAt[BA]
u , with q = ±1 (2.11)
we expect to describe a number of on-shell vector multiplets [18] coupled to the N-T
multiplet. Recall, that the central charge index, u, runs from 1 to 6+n. Since the number
of gauge vectors taking part of the N-T multiplet is 6, we expect to deal implicitly with n
independent additional gauge vectors in the geometry, which take part of vector multiplets.
Like in the case of pure N-T supergravity, let us suppose the existence of a covariantly
constant metric gzu
gzuguv = δ
z
v
, (2.12)
which connects the components of the 2-form Tu to the components of H having at least
one central charge index
HzDC = TDC
uguz. (2.13)
However, unlike the pure supergravity case, this metric is not entirely given as a function
of the Lorentz scalars t[BA]u or hu
[BA], which are in this case 6× (6 +n) matrices having at
most rank 6.
One can further eliminate a big number of superfluous fields by assuming the constraint
TzB
A = 0, (2.14)
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as well as all possible compatible conventional constraints. Also, the constraints
DEα(T
[DC]u)H
u[BA] = 0 , D
α˙
E (T[DC]u)H
u[BA] = 0 (2.15)
at dimension 1/2 as well as
σ¯bα˙γTCγ b
A
α˙ = 0 , σ
b
αγ˙T
γ˙
C b
α
A = 0 , (2.16)
at dimension 1 are used to put the gravity part on–shell.
Finally, in order to make possible the direct comparison with the results of pure N-T
supergravity, let us define a covariant derivative Dˆ under SL(2,C)× SU(4),
DvA = DˆvA − χABv
B, (2.17)
where the shift χAB in the connection is determined by the requirement
Dˆ(t[DC]u)h
u[BA] = 0. (2.18)
2.2 Solution of the Bianchi identities
Now let us consider the torsion and 3–form H subject to the above summarized constraints,
and look at the Bianchi Identities (2.4) and (2.5) as equations for the remaining components
of these two objects. The solution of these Bianchi Identities will be presented in the order
of growing canonical dimension.
The lowest canonical dimension Bianchi Identities are those with only spinorial indices
written for the 3–form. Given the above constraints, they are satisfied if and only if the
Lorentz scalars at dimension 0 satisfy
guzt
[DC]ut[BA]
z =
1
2
δDCBA . (2.19)
One may recognize that they represent 6×6 equations for the 6×(6+n) a priori independent
scalar superfields t[DC]u. This means, that there are 6 × n degrees of freedom left in these
scalars, which is exactly the number of scalars in n additional vector multiplets.
At dimension 1/2 the spinorial components of χ are obtained and they are found to
be the same as in the pure N-T case
χAα
B
C =
1
4
δBCχ
A
α, χ
α˙
A
B
C = −
1
4
δBCχ
α˙
A, (2.20)
where we used the notation χAα = L
−1DAαL, χ
α˙
A = L
−1Dα˙AL.
Then the solution of the Bianchi Identities at dimension 1/2 can be written in the
following way
T[CBA]α = qεCBAFχ
F
α (2.21)
DˆDδ t
[CB]u = qεDCBAsδA
u (2.22)
T γ˙C b
u = i(σ¯b)
γ˙α
(
sαA
u + χFαt[FA]
u
)
L1/2 (2.23)
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while similar relations are implied for H which can be easily obtained using (2.13)
DˆDδ hu
[CB] = qεDCBAguzsδA
z (2.24)
H γ˙Cbu = i(σ¯b)
γ˙αguz
(
sαA
z + χFαt[FA]
z
)
L1/2. (2.25)
Inspecting these results one identifies the spinor of the supergravity multiplet in T[CBA]α
as the lowest superfield component of χAα, while the spinor sαA
u appearing in the spinorial
derivative of the scalars has to take part of the n additional vector multiplets. Their
number is 4 ∗ (6 +n)− 4 ∗ 6 = 4 ∗ n, where the number of 4*6 independent relations in the
spinorial component of (2.18) is considered.
The results at dimension 1 can be gathered in three sectors depending on the irreducible
representation of the Lorentz group in which the double spinorial derivatives on the 0
dimensional scalar sits.
Let us start with the sector of the scalars and of the dual fieldstrengthH∗a =
1
3!εabcdH
bcd
of the antisymmetric tensor. This sector is determined by the mixed derivatives on the 0
dimensional scalars:
Kβ
α˙B
A = [D
B
β ,D
α˙
A ]L, D
D
δ s
Cβ˙u. (2.26)
The Bianchi Identity
(
D
δ
γ˙
Cba
)
H
is satisfied if and only if
1
2
Ka
D
C + δ
D
CH
∗
a + 4iUa
D
CL = gzusC
zσas
DuL+
1
2
δDECFχ
FσaχEL. (2.27)
This equation relates the commutator on L to the dual fieldstrength H∗a of the antisymmet-
ric tensor and the superfield Ua
D
C, which appears in the dimension 1 torsion components
TCγ b
α
A = −2(σba)γ
αUaCA (2.28)
T γ˙C b
A
α˙ = 2(σ¯ba)
γ˙
α˙U
aA
C. (2.29)
Also, the Bianchi Identity
(
D
δ
γ˙
C
B
β
α
A
)
T
together with the definition of the SU(4) covariant
derivative gives an other independent relation for the commutator on L
Ka
D
C = 2iδ
D
C (Ua + χa)L− (δ
D
B
A
C + δ
D
Bδ
A
C)χ
BσaχAL. (2.30)
The last Bianchi Identities relevant for this sector are carrying a central charge index,(
D
δ
C
γ b
u
)
T
and
(
D
δ
C
γ b
u
)
H
. Using (2.18), these imply the equations
Ka = 8iχaL+ χ
AσaχAL− 2gzusA
zσas
AuL (2.31)
χ˜a
B
A = −
i
8
(
χ˜BσaχA + 2gzu ˜sAzσasBu
)
(2.32)
where no indices are written for the trace parts and the tilde denotes the traceless parts.
– 6 –
It is sufficient then to solve the system of equations for the trace part
Ua =
i
8
(χAσaχA + 2gzusA
zσas
Au) (2.33)
Ka = −8H
∗
a + 4χ
AσaχAL+ 4gzusA
zσas
AuL (2.34)
χa = iH
∗
aL
−1 −
3i
8
(χAσaχA + 2gzusA
zσas
Au) (2.35)
and for the traceless part
U˜a
B
A = χ˜a
B
A = −
i
8
(
χ˜BσaχA + 2gzu ˜sAzσasBu
)
(2.36)
K˜a
B
A = −2χ˜BσaχAL (2.37)
in order to have all the objects of this sector expressed in terms of the dual fieldstrengths
H∗a and nonlinear terms in the spinors χ of the gravity and s of the vector multiplets.
Notice, that the vector Pa which appears naturally in the superspace geometry
DDδ T
[CBA]α˙ = qεDCBAPδ
α˙ (2.38)
is also corrected by non-linear terms in the s spinors of the additional vector multiplets
Pa = iL
−1DaL+ L
−1H∗a −
3
4
χAσaχA −
1
2
gzusA
zσas
Au (2.39)
Finally, using all these results, one obtains for the mixed derivatives of s
DˆDδ s
Cβ˙u = −2iDˆδ
β˙t[DC]u + 2gzvsδF
zsCβ˙vt[FD]u −
1
4
χDδ s
Cβ˙u. (2.40)
The second sector at dimension 1 is the sector of the gauge vectors vm
u, with field-
strengths identified in Fba
u
.
= Tba
u. This sector is governed by the double derivatives which
are symmetric in their spinorial indices
DB(βD
A
α)L, D
D
(δsCβ)
u. (2.41)
After an analysis of the relevant Bianchi Identities one finds
DB(βD
A
α)L = −4F(βα)
uhu
[BA]L1/2 + qLǫBAEFguzs
u
(βEs
z
α)F (2.42)
G(βα)[BA] = −2iF(βα)
uhu[BA]L
−1/2 + iguzs
u
(βBs
z
α)A (2.43)
G(βα)
[BA] = −i
q
2
εBAEFguzs
u
(βEs
z
α)F (2.44)
where G(βα)[BA] and G(βα)
[BA] are the selfdual parts of the antisymmetric tensors Gba[BA]
and Gba
[BA] appearing in the torsion components
T γ˙C b
α
A =
1
2
(σ¯f )γ˙αGbf [CA] (2.45)
TCγ b
A
α˙ =
1
2
(σf )γα˙Gbf
[CA]. (2.46)
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Then the derivative of the spinor s becomes
DˆD(δsβ)C
u = 2δDC
(
F(δβ)
u − F(δβ)
zh
z[BA]t
[BA]u
)
L−1/2
+2gvzs
v
(δBs
z
β)Ct
[BD]u +
1
4
χD(δs
u
β)C − δ
D
Cχ
F
(δs
u
β)F . (2.47)
The last sector might be called the sector of auxiliary fields, which in the present on-
shell case does not contain any new superfield. It is governed by the antisymmetric part
of the double derivatives
DAαDBαL, D
AαsαB
u. (2.48)
Here one finds the relations
DAαDBαL = −2gzus
AzsBuL (2.49)
DˆAαsαB
u = 2gvzsF
vsB
zt[FA]u +
1
4
χAsB
u − 2χBs
Au + δABχFs
Fu (2.50)
as well as that the central charge component of the shift in the connection, χu
B
A, has to
vanish.
2.3 Identification of the component fields
To sum up, let us review the main results obtained so far. The identification of the N-T
supergravity multiplet in the geometry goes exactly in the same manner as in the pure
supergravity case [12, 13]. The difference arises from the fact that whereas the Lorentz
scalars t[BA]u sitting in the 0 dimensional torsion components in the central charge direction
are covariantly constant for the pure supergravity case, they are taken to be a priori general
superfields here. It turns out that they belong to the only matter multiplets available in
N = 4 supergravity, that are vector multiplets. Considering that they obey the 6 × 6
independent relations (2.19), we obtain 6 × n scalars in n vector multiplets. Remark
that (2.19) is precisely the relation obtained in [6] as a condition for breaking conformal
symmetry and going to Poincare´ gauge. However, notice, that in our approach the equation
(2.19) satisfied by the scalars is a consequence of the Bianchi Identities of a 3–form H
constrained in an analogous way as we did for the pure N-T supergravity. In particular,
the constraint (2.13), which relates components of H to those of the torsion by a metric
plays a key role in all the basic features of the coupled system.
As usual in the superspace formalism, supersymmetry generators are implemented as
spinorial covariant derivatives. Therefore we expect to see the fermionic supersymmetric
partners of the scalars, sαA
u, arising in the object DˆDαt
[CB]u. This is indeed the case as shown
by equation (2.22), whereas the constraint (2.18) insures that only the right number, n×4,
of them are non-vanishing. Further applying spinorial derivatives to the spinors sαA
u, we
should see the fieldstrength of Yang-Mills vectors. Accordingly, (2.47) suggests to define
FYMba
u = Fba
z
(
δu
z
− h
z[BA]t
[BA]u
)
. (2.51)
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Also, let us identify the gauge vectors of the supergravity multiplet, the graviphotons, as
those which appear in the supersymmetry transformation of the spinor χ which takes part
of the supergravity multiplet (2.42):
F SGba
u = Fba
zh
z[BA]t
[BA]u. (2.52)
One might notice that the two definitions, (2.51) and (2.52), involve projectors on the fields
which belong to the supergravity or the gauge multiplets:
P SGz
u = h
z[BA]t
[BA]u, PYMz
u = δu
z
− P SGz
u. (2.53)
Due to the identity (2.19) they possess the standard properties of projectors
(P SG)2 = P SG, (PYM)2 = PYM, P SGPYM = 0. (2.54)
The dimension of the spaces on which they project can also be computed and found to be
as expected
trP SG = 6 trPYM = n. (2.55)
Let us then summarize the identification of the fields in the following table:
σ N-T sugra multiplet n gauge multiplets
2 em
a
3/2 ψm
α
A
1 vSGm
u, F SGba
uPYM
u
z = 0 vYMm
u, FYMba
uP SG
u
z = 0
1/2 χAα sαA
u , sαA
uP SG
u
z = 0
0s+0t L and bmn t
[BA]u , guzt
[DC]ut[BA]
z = 12δ
DC
BA
3. Discussion
To give further arguments for the equivalence of this formulation with the component
formalism, we discuss now the modifications found in the equations of motion due to the
emergence of the Yang-Mills sector. One of the most intriguing features of the above
results is the correction of the antisymmetric part of the double derivative on L (2.49) by
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the quadratic term in the gaugini. This term appears in the corresponding derivative of
the gravigino superfield
DDαT[CBA]α = qεCBAFL
−1DβDDFβL
= −2qεCBAFgzus
DzsFuL. (3.1)
It is well known that the object DDαT[CBA]α is playing the role of an auxiliary field
1 in four
dimensional N = 4 conformal supergravity [17], [20]. It was explicitly shown in [13] how
its vanishing implies the Dirac equation for the gravigino and at dimension 2 the equations
of motion for the antisymmetric tensor and that of the scalar.
Let us do the exercise of deriving equations of motion in an analogous way as in the
pure supergravity case [13]. However, this time we do not consider all the non-linear terms,
but concentrate only on the main features of the coupling keeping only terms involving the
fieldstrength of gauge vectors. In particular, using (2.38) one can write the identity∑
DC
({
DEε ,D
δ˙
D
}
T[CBA]α −D
δ˙
D
(
DEεT[CBA]α
))
= 0. (3.2)
Observe that the antisymmetric part of this relation in the indices ε and α gives rise to
Dirac equation for the helicity 1/2 fields, that is ∂αδ˙T[CBA]α = 0 in the linear approach.
However, this time DEαT[CBA]α is different from zero and gives rise to a fieldstrength of the
Yang-Mills vectors by (2.47) when the spinor derivative acts on the spinors s
∂αδ˙χAα = 2iF
(δ˙α˙)vsAuα˙ P
YM
v
zgzuL
−1/2 + ... (3.3)
After further differentiating by Dδ˙A, in order to obtain the expression of L one will need
to use the algebra of derivatives on superspace. This operation (intimately connected to
the gravity part) involves torsion components of (2.45) near the spinorial derivative on χAα
(2.42), both containing the vectors of the supergravity multiplet:
L = −i∂aH∗a + 2
(
F (α˙β˙)uF(α˙β˙)
zPYMu
v − F (αβ)uF(αβ)
zP SGu
v
)
gvz + ... (3.4)
On the one hand, taking the real part of this relation one finds the equation of motion
for the scalar
L = −
1
2
F bauFba
z (P SG − PYM)
u
vgvz + ... (3.5)
and may conclude that indeed, both the kinetic term for the graviphotons and the Yang-
Mills vectors have to be present in the Lagrangian of the theory. Moreover, the coupling
matrix of the kinetic term for the vectors
Ωuz = (P
SG − PYM)
u
vgvz (3.6)
1The lowest component of this auxiliary superfield is the Eij auxiliary field [19] in the component
description of off-shell conformal N = 4 supergravity.
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is exactly the one appearing in the action exhibited in [6]. There it was argued that, in
order for all vectors to be physical, the above coupling must be positive definite, which
implies that the metric guz must have signature (6, n). This additional information about
the metric together with the equation (2.19) satisfied by the scalars allows to identify the
sigma model SO(6,n)SO(6)×SO(n) parameterized by the Yang-Mills scalars t
[BA]z. The identification
of this sigma model first suggested in [5] and discussed also in [6] is detailed in appendix
B.
On the other hand the imaginary part of the relation (3.4) gives the Bianchi Identity
for the 2-form gauge field
∂aH∗a =
i
2
F ∗bauFba
z (PYM + P SG)
u
vgvz + ... =
i
2
F ∗bauFba
zguz + ... (3.7)
The topological term F ∗bauFba
zguz is an indication of the intrinsic presence of Chern-
Simons forms in the theory. Indeed, one needs just to explicit the projection EA = eA =
dxmem
A on the 3-form H
H =
1
2
dxmdxndxk∂kbnm =
1
3!
eAeBeCHCBA
=
1
3!
eaebecHcba +
1
2
eaebdxmvm
uHuba + ...
=
1
3!
eaebecHcba +
1
2
eaebdxmvm
uFba
zguz + ... (3.8)
where for the last line the relation (2.13) was used, in order to see that in the develop-
ment of the supercovariant fieldstrength of the antisymmetric tensor H∗a the fieldstrength
el
aεknml∂kbnm is naturally accompanied by the Chern-Simons terms of both the gravipho-
tons and the additional gauge vectors. This is an intrinsic property of soldering in central
charge superspace, as pointed out in [12]. One can clearly see that it is the existence of an
object g in the central charge sector relating the 3–form components to those of the torsion
by (2.13), which is responsible for this issue.
Recall, that in constructions of coupling of supergravity containing an antisymmetric
tensor to Yang-Mills multiplets [14], the usual procedure is to define a modified fieldstrength
for the antisymmetric tensor including by hand the Yang-Mills Chern-Simons terms in it.
In this case, the gauge transformations of the Chern-Simons term are compensated by
assigning suitably adjusted Yang-Mills gauge transformations to the antisymmetric tensor,
and the modified fieldstrength is rendered invariant in this way. Let us verify, that this is
automatical in our approach using central charge superspace. Here gauge transformations
are identified as translations in the direction of the central charge coordinates. Indeed,
taking the double bar projection [14] for the Wess-Zumino transformation of the frame
component Eu along the vector field ζA = (0, 0, 0, ζu)
δwzζ E
u = Dζu + ıζT
u, (3.9)
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one finds the usual transformation law for abelian gauge vectors
δwzζ vm
u = ∂mζ
u. (3.10)
However, writing the Wess-Zumino transformation for the 2–form gauge potential
δwzζ B = ıζH =
1
2
EAEBζuHuBA =
1
2
EAEBζuguzTBA
z = guzζ
uT z (3.11)
and taking its double bar projection one finds that the antisymmetric tensor transforms
exactly into the fieldstrengths of the gauge vectors
δwzζ bmn = guzζ
u (∂mvn
z − ∂nvm
z) . (3.12)
where T z = 12dx
mdxn(∂nvm
z − ∂mvn
z) was used.
4. Conclusion and outlook
In this article we identified the N-T multiplet coupled to n abelian vector multiplets in the
geometry of central charge superspace. Even though we started with 6 + n gauge vectors,
the geometry of the 3–form singled out the particular combinations of these which belong
to the supergravity multiplet. The remaining independent combinations take part of the
additional gauge multiplets. The supersymmetry transformations as well as main parts of
some equations of motion are compared to the component formulations found by dimen-
sional reduction [5] or using conformal methods [6]. In particular, we saw the emergence of
the SO(6, n)/SO(6)×SO(n) sigma model for the Yang-Mills scalars as well as the presence
of Chern-Simons terms in the supercovariant fieldstrength of the antisymmetric tensor or
its particular transformation under Yang-Mills gauge transformations. On a more technical
level we also could point out that the quadratic term in the gaugini sitting at the place of
an auxiliary field of conformal supergravity was crucial.
Let us emphasize here that the features of the coupling pointed out in this article are
very general properties of coupling supergravity containing an antisymmetric tensor with
Yang-Mills gauge theory [21], currently used as guiding principles in superspace descrip-
tions. In the articles [14] and [22] one can find a review of this kind of couplings in the four
dimensional N = 1 case. Also, an extensive list of references concerning various construc-
tions of coupled systems of the same type in higher dimensions can be found in the same
articles. Let us take for example [23]. There the aim was to incorporate string corrections
up to first order in the string slope-parameter in the ten dimensional N = 1 superspace.
It turned out that the inclusion of both the Yang-Mills and Lorentz Chern-Simons terms
in the geometry goes hand-in-hand with the presence of a source
Acba ∼ β
′tr(λσcbaλ) + γ
′(TklσcbaT
kl), (4.1)
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which appears in the double spinorial derivative of the dilaton and plays the role of an
auxiliary field in the pure ten dimensional N = 1 supergravity. Observe, that Acba is
quadratic in the gaugino fields and the gravitino fieldstrength, and one can show in a
similar way as we did above, that it is responsible for the curvature squared terms in the
corresponding Lagrangian.
However, the interest of the central charge superspace approach applied here to the
N = 4 case in four dimensions is that all the features of the Chapline–Manton coupling
come out automatically offering us the possibility to just study the underlying mechanisms.
Considering possible generalisations of the work presented here, an obvious next step
would be to check whether non-abelian vector multiplets can be described in this frame-
work. Let us go back to the transformation law (3.9) of the frame component Eu in which
the gauge vectors are identified and take its double projection in a more general setup
δwzζ vm
u = ∂mζ
u + vm
vζzTzv
u + ... (4.2)
Then the torsion component superfield Tzv
u – vanishing in the present work – can play the
role of structure constants and one can interpret the above equation as the transformation
law for non-abelian gauge vectors. It would be interesting in particular to investigate
whether superspace geometry implies some restrictions on the possible Lie groups.
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A. Supersymmetry transformations
Let us sum up in this appendix the supersymmetry transformations of the component
fields. In superspace description of supergravity theories these are encoded in the formulas
of Wess-Zumino transformations along a vector field ξ
δwzξ E
A = ıξT +Dξ
A (A.1)
δwzξ B = ıξH (A.2)
δwzξ ω = ıξDω (A.3)
where ω is a covariant superfield. Considering ξA = (0, ξαA , 0, 0) one finds for the component
fields of the supergravity multiplet
δwzξ em
a = iξCσ
aψ¯m
C (A.4)
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12
δwzξ ψm
α
A = Dˆmξ
α
A − 2(ξCσma)
αUaCA + ξ
α
Cem
aχa
C
A
+
1
8
ξαA
(
ψmBχ
B − ψ¯m
BχB
)
−
1
8
(ξBχ
B)ψm
α
A (A.5)
1
2
δwzξ ψ¯m
A
α˙ = iem
b(ξCσ
a)α˙F
SG(−)
ab
zt[CA]ugzuL
−1/2
+
q
2
ψmFξCǫ
FCABχ¯Bα˙ +
1
8
ψ¯m
A
α˙(ξCχ
C)
−
i
2
(
(ξBσms
[Az)s
B]u
α˙ +
q
2
εABEF(ξBsE
z)(sF
uσm)α˙
)
guz (A.6)(
δwzξ vm
u
)
P SGu
z = 2L1/2ψmBξCt
[BC]z − iL1/2(ξCσmχ¯B)t
[CB]z (A.7)
δwzξ bmn = 2iL
1/2guzv[n
u(ξCσm])α˙
(
sα˙Cz + χα˙F t
[FC]z
)
+2LξCσmnχ
C + 2iLψ¯C[nσm]ξC + 4L
1/2v[m
uψn]FξChu
[FC] (A.8)
δwzξ L = ξCχ
CL (A.9)
δwzξ χ
A
α = −2(σ
abξC)αF
SG
ab
zt[CA]ugzu
+(ξαC(s
CzsAu) + qεCAEF(ξCsE
u)sαF
z) gzu −
3
4
(ξCχ
C)χAα (A.10)
δwzξ χ
α˙
A = i(ξAσ
aǫ)α˙
(
L−1DaL− Ua − χa
)
+
3
4
(ξBχ
B)χα˙A − (ξAχ
B)χα˙B (A.11)
For the components of the vector multiplets one obtains
δwzξ t
[BA]u = qεBADCξDsC
u (A.12)
δwzξ sαA
u = (σabξA)αF
YM
ab
uL−1/2 − 2(ξCsB
v)sαA
zt[CB]ugvz +
1
4
(ξBχ
B)sαA
u
−
1
2
(ξAχ
B)sαB
u +
1
2
(ξAsB
u)χBα + ξαB(χAs
Bu)−
1
2
ξαA(χBs
Bu)(A.13)
δwzξ s
α˙Au = 2i(ξBσ
aǫ)α˙Dˆat
[BA]u − 2(ξCsB
v)sα˙Azt[CB]ugvz −
1
4
(ξBχ
B)sα˙Au (A.14)(
δwzξ vm
u
)
PYMu
z = iL1/2ξCσms
Cz (A.15)
The fields Ua
B
A and the traceless part of χa
B
A contain only quadratic terms in the spinors,
U˜a
B
A = χ˜a
B
A = −
i
8
(
χ˜BσaχA + 2gzu ˜sAzσasBu
)
(A.16)
Ua =
i
8
(χAσaχA + 2gzusA
zσas
Au) (A.17)
while the trace part of χa
B
A, corresponding to the U(1) part of the initial U(4) connection,
contains the fieldstrengths of the antisymmetric tensor
χa = iH
∗
aL
−1 −
3i
8
(χAσaχA + 2gzusA
zσas
Au) (A.18)
These expressions of the supersymmetry transformations can be compared to the com-
ponent level results [5], [6], they are written automatically in terms of supercovariant
fieldstrengths.
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B. The
SO(6,n)
SO(6)×SO(n)
sigma model
All we know about scalars t[BA]u at dim 0 is that they satisfy the relations (2.19), implied
by the Binachi Identities for the 3–form. The general solution of this equation can be
written in a form
t[BA]u = t(0)[BA]zGz
u (B.1)
where t(0)[BA]z is a particular solution and G is an element of the Lie group leaving the
metric g invariant. Since the signature of this metric was fixed to (6,n), this means that g
is an element of SO(6, n).
There is a particular solution of (2.19) which is already known and has a special
meaning:
t(0)[BA]z =
(
t(0)[BA]z, 0
)
(B.2)
where the central charge indices z were splitted in two groups, z = (z, z¯), with z = 1..6
and z¯ = 1..n, and t(0)[BA]z are the covariantly constant t and h matrices used in the pure
N-T supergravity case [13]. In a similar way, one defines the matrix of constants
q
(0)
J
z =
(
0, δz¯J
)
(B.3)
with J = 1..n and forms a (6 + n)× (6 + n) matrix as
S(0) =
(
t(0)[BA]z
q
(0)
J
z
)
. (B.4)
Now one can verify that S(0) is an element of SO(6, n) and obviously,
S = S(0)G =
(
t[BA]z
qJ
z
)
, (B.5)
corresponding to a general solution is a general element of SO(6, n). It is interesting to
note that the particular solution S(0) corresponds to the “uncoupled” sugra+6YM system.
At this stage multiplications on the right by global elements of this group G = SO(6, n)
are well-defined
S −→ SG, G ∈ G. (B.6)
The question is what subgroup K of G = SO(6, n) can act on the left on S
S −→ K−1S, K ∈ K (B.7)
such that the corresponding gauge transformation is a symmetry of the theory. On the
one hand, since only the scalar components t[BA]z appear explicitly, a local transformation
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which leaves invariant the upper 6 rows of the matrix S in (B.5) is a symmetry of the
action. This is an SO(n) rotation having the representation
KSO(n) =
(
1
2δ
BA
DC 0
0 KJ
I
)
. (B.8)
On the other hand, the structure group of our superspace contains an SU(4) factor which
is automatically implemented as local symmetry of the theory. In particular, an SU(4)
transformation of a vector
uA −→ k−1ABu
B (B.9)
acts on the scalars S with the representation
KSU(4) =
(
kB[Dk
A
C] 0
0 δJ
I
)
. (B.10)
In fact the constraint (2.18) insures that the SU(4) connection ΦˆAB is given as a function
of the derivatives of the scalars,(
dt[BA]u
)
h
u[DC] = 2δ
[B
[DΦˆ
A]
C]. (B.11)
This concludes our identification of the SO(6,n)SO(6)×SO(n) sigma model parameterized by the
scalars t[BA]u subject to the relation (2.19).
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